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In this note a proof of the Ilyeff-Sendov conjecture is given for polynomials 
having at most five distinct zeros. ( 1992 Academic Press. Inc. 
1. INTRODUCTION 
A conjecture due to Sendov, better known as Ilyeff’s conjecture, is stated 
as follows. 
Conjecture. Let p(z) be a polynomial of degree n 2 2 with all its zeros 
in the unit disk IzI d 1. If a is any one of these zeros then p’(z) has at least 
one zero in the disk Iz - al < 1. 
This conjecture has been verified for all polynomials of degree n, 
2 d n 6 5, see [S]. Recently Brown [ 1 ] has verified the conjecture for poly- 
nomials of arbitrary degree n with at most four distinct zeros. In this note 
we verify the validity of the conjecture for polynomials of arbitrary degree 
n with at most five distinct zeros. 
Thus we prove the following theorem. 
THEOREM. 1.1. Let p(z) = (z - z,)~‘(z - z~)~*(z - z~)~~(z - z~)~~(z - z~)~~, 
where n,, n2, n3, n4, and n5 are arbitrary positive integers and p(z) is any 
polynomial with all its zeros in the unit disk 1zI < 1. Then each of the disks 
Iz - zk 1 < 1 (1 ,< k < 5) contains a zero ofp’(z). 
2. PRELIMINARY RESULTS 
In our proof of Theorem 1.1 we make use of certain results concerning 
the extremal polynomials for Ilyeff’s conjecture [ 1,4,6]. 
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Fix integers n and m with n >, m b 2 and let gE(rn) denote the class of all 
manic polynomials of degree IZ with at most m distinct zeros in Iz( 6 1. Let 
where 
p(z)= fi (Z-zkp, IZkl G 1 (1 Gkdm), (1) 
k=l 
n,> 1 and kg, nk=n. 
By differentiating (1) we get 
Let 
‘I 
min lz,-ill, if n,=l 
Z(Zk) = 
l<j<m-1 
0, if n,>l, 
Z(P) = 1 y,“,“, %Zk) and Z(E),(m))= sup I(P). . . P l s!(m) 
The Ilyeff-Sendov conjecture says that I(Sff(m)) 6 1. 
A proof of the following lemma is given in [ 11. 
LEMMA 2.1. (i) There exists an extremal polynomial p* ~Yf(rn) such 
that I( p*) = Z(gf(m)). 
(ii) p* has a zero on each subarc of IzI = 1 of length II. 
Lemma 2.2 below has been used earlier in [IS] to verify the validity of 
Ilyeff’s conjecture for polynomials of degree 5. 
LEMMA 2.2. Let 0 < a < 1 and suppose w # a is a point in the closed unit 
disk. Then 
1 
Re -, >I-l-rr’ r=la-wl 
a-w 2a 2ar2 ’ 
Proof: 
1 
Re- _l-d-Re 
w+a 
a-w 2a 2a 
-=‘iReF 
Ml-a 2a 2a 
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LEMMA 2.3. Let p(z) = (z-a) n;:: (z -zk) be any polynomial with 
Oda< 1 and Izk/ d 1, 1 Qk<n-- 1. If/a-z,1 <2sin(n/n)for at least one 
k, 1 <k 6 n - 1 then p’(z) has at least one zero in the disk Iz - al 6 1. 
Proof: The polynomial p’(z + a) is apolar (see [3]) to 
(z + a - zk)n - zn 
(a-z,) 
for any k, 1 <k<n- 1 
The roots of ((z + a - z~)~ - ~“)/(a - zk) are (a - zk)/(os - 1) for 
s = 1, 2, . ..) n - 1, where o is a primitive nth root of unity and all the roots 
lie in the disk (z( < la- z,j/2 sin(@r) for each k, 1 <k <n - 1. By the 
Grace theorem [3], p’(z +a) has at least one root in the disk IzI < 
la - zk (/2 sin(rc/n) for any k, 1 6 k d n - 1. This proves the lemma. 
3. PROOF OF THEOREM 1.1 
For fixed n > 5 and m = 5, let p(z) be of the form ( 1). From Lemma 2.1, 
an extremal polynomial for PH(5) exists and we may assume that p is 
extremal, i.e., Z(p) = Z(PH(5)). Distinguish one of the zeros, say z5, and let 
zg = a. Without loss of generality we may assume that 0 <a < 1. We want 
to show that the disk Iz--a( < 1 contains a zero ofp’(z). If n5 > 1, the result 
is trivial, so suppose n5 = 1. Thus we have 
p(z)=(z-a) fi (Z-Z/p, 
k=l 
(2) 
Izkldl, ldk<4, x;=, n,=n-1, and 
)(Ij (i-q). (3) 
Since for a = 0, the result follows by the Lucas theorem and for a = 1, the 
result is already proved [2, 71, we may suppose that 0 <a < 1. 
Putting q(z) = nz=, (z - zk)‘lk, we see that p’(a) = q(a) and $‘(a)/$(~) = 
2q’(a)/q(a). Using this in (2) and (3) we obtain after a simplification 
n f), (a-cj)= fi (apzk) 
k=l 
(4) 
and 
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Without loss of generality we may assume that 
P,=l~-i,l6la-i,l? l<j<4. 
Then from (4) we get 
n la-[,I46 fi la-zz,l. (6) 
k=l 
By Lemma 2.1, p(z) has a zero on each subarc of IzJ = 1 of length 7c from 
which it follows that (see [6]) 
n la-i,14< fi la-zz,I <(l +u2)(1 +u)2. 
k=l 
Thus we get 
PI=la--i,ld ( (1 +a*)(1 +a)2 “4 n > . 
If n > 8, then pi < 1 and the theorem follows. Since the 
proved for 2 d n < 5, see [S], it suffices to prove the 
and 7. 
(7) 
theorem is already 
theorem for n=6 
Suppose n = 6 and p(z) = (z - u)(z - zi)(z - z2)(z - z3)(z - z~)~. Since 
(1 + a’)( 1 + ~)~/6 < 1 for 0 < a 9 s, where s is the unique root in [0, l] of 
the equation u4 + 2u3 + 2u - 5 = 0, by (7) it follows that p, < 1 for 0 < a d s. 
It can be easily checked that s > 0.85. 
From (5) and using Lemma 2.2, we get 
L>Re 4 
1 
-=Re n,+l 2 2 2 3 
-+ -+- +- 
PI kc, u-zk u-z, a - z2 u-z, u-z4 
(8) 
where rk = la - zk 1, 1 6 k d 4. 
By Lemma 2.3 we may assume that rk > 2 sin(n/6) = 1, 1 f k < 4. 
Because of (6) we may also assume that rk> 6’14 for at least one k, say 
k= 1. 
Then it follows from (8) that 
->9-(1-u2) 1 ~. 
p,‘8u 8u 
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for a > t where t is the largest root of the equation 
(2+7J6)a2-8J6a+(2,/6-2)=0. 
Thus we get pi < 1 for all a 2 t. It can be easily checked that t < 0.85. 
Thus pi Q 1 for all a, 0 < a < 1. This completes the proof in the case 
n = 6. 
Suppose n = 7 and p(z) = (z - a)(z - zi)(z - z2)(z - z~)‘~(z - z~)~~, where 
(i) n3 = 2 and n4 = 2 or (ii) n3 = 1 and n4 = 3. 
The proof in the cases (i) and (ii) proceeds as in the case of n = 6. 
However, for completeness we write down the proof in detail. 
Since (1 + a’)( 1 + a)*/7 < 1 for 0 -C ad U, where u is the unique root in 
[0, 1] of the equation a4 +2a3 + 2u2 +2u-6=0, by (7) it follows that 
p, < 1 for 0 <ad U. It can be easily checked that u > 0.93. 
From (5) and using Lemma 2.2, we get 
n,+l 
+- 
a-zz, 
(9) 
where rk= Ia-zz,(, 1 dk64. 
By Lemma 2.3 we may assume that rk > 2 sin(rc/7), 1 <k d 4. Because of 
(6) we may also assume that rk > 7’j4 for at least one k, say k = 1. 
Then it follows from (9) that 
1 5 (l-a2) i+ 1 ->---- >1 
PI 4u 4u ( > J7 sin2(7r/7) ’ 
for a 2 u where u is the largest root of the equation 
(J7 + sin2(7c/7)) u2 - (4 J7 sin2(7r/7))u 
+ (5 J7 sin2(7c/7) - sin2(n/7) - J7) = 0. 
Thus we get p, Q 1 for all a 2 u. It can be easily checked that u < 0.85. 
Thus p1 < 1 for all a, 0 < a < 1. This completes the proof. 
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